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Abstract

The paper begins with a review of known diffusion models of the literature, in terms of the mass fraction and the chemical potential. Next the

thermodynamic consistency of the pertinent schemes is investigated and it follows that the recourse to the chemical potential is justified in two different

ways. The alternative recourse to the balance equations, through a linearization procedure, is suggested as a check of consistency. Finally it is pointed

out that, thanks to the correspondence probability-concentration, the classical models of diffusion can be extended to the quantum context.

Keywords: Diffusion models, Thermodynamic consistency, Concentration, Chemical potential

Introduction

The purpose of this paper is to review standard models of diffusion
and to clarify the physical bases leading to the different differential
equations. To understand the basic starting point and to establish the
required notation we start with addressing attention to a mixture of n
fluid constituents.

In essence, let p, v_be the mass density and the velocity of the
ath constituent,

a=1,.., n Welet

(5.

P

be the mass density of the mixture and the mass fraction (or

P = Z,IPQ. Wo =

concentration) of the ath constituent; the sum on « is understood
from 1 to n. As we prove in a moment w_ is subject to the differential
equation

P'J;'a =N ho.-

where h_is the mass flux, ¥/ is the gradient operator and then
Y/ is the divergence, and the superposed dot denotes the (total) time
derivative.

Within the theory of mixtures h_ is clearly defined and shown to
satisfy a differential equation [1,2]. As we emphasize in this paper,
h is regarded as an unknown vector to be determined through
mathematical assumptions associated with physical properties of the
mixture. The original Fick’s model is based on the assumption

hQ— = — Davwa.

where D is the diffusivity. Next other models and their
generalizations have been developed in terms of the chemical
potential.

In this paper we first review known diffusion models in terms of
the mass fraction _and the chemical potential 1 . Next we investigate
the thermodynamic consistency of the pertinent schemes and find
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that the recourse to the chemical potential is justified in two different
ways. Next we examine the alternative recourse to the balance
equations through a linearization procedure. Further, we point out
that the ideas about the correspondence probability-concentration is
applied to modelling diffusion in the quantum context.

Balance Equations for Fluid Mixtures

Consider a mixture of n fluid constituents (see, e.g., [1]). The
suffices o, f = 1, 2, ..., n label the quantities related to the ath, Sth
constituent. Hence p_ is the mass density and v_the velocity of the ath
constituent. The continuity equation of the ath constituent comprises
the mass supply 7 , per unit volume and unit time, so that

Opu +V - (PaVa) = Ta- (1)

The conservation of mass of the whole mixture implies
2aTa=0; @

Hereafter Y

nonzero in chemical reactions and phase transformations or generally

is a shorthand for EZ= 1- -The mass supply 7, is

o

whenever a constituent may gain or lose mass in favor of the other
constituents.

The mass density p and the (barycentric) velocity v of the mixture

are defined by

1
2= Zc\f)a- Y= ;Zm%"'.x-

The ratio

Pa

W =
is the mass fraction (or concentration) of the ath constituent and
u=v -v

is the diffusion velocity. The definition of v implies that

Zn FPaVa = pPV.
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The sum of (1) with the constraint (2) results in
dp+V-(pv) =0, 3)
which is the continuity equation for the whole mixture.

We now investigate the evolution equation for w . Replace p_ with
pw_ andv_with

v+u_in (1). In view of (3) we find
p@w +v-Vw)+V-(pu)=1.

Observe that dw,_ + v. ~ w_ is the derivative with respect to
the barycentric observer. As with any function it is denoted by a
superposed dot. The vector

h =pu

is the ath diffusion flux representing the flux of the ath constituent
relative to the barycentric observer. Hence we can write

Pig+ YV ~hy = 7. (4)

The mass fraction w, in the barycentric reference, evolves
according to (4). This equation is operative once 7, and h_ are given
in terms of Wa, possibly parameterized by temperature and pressure.

The equation of motion of the ath constituent can be written in
the form

at(pavu)-'—v.(pava®va)_v.Ta_Pubrx:mu’

where T, is the Cauchy stress tensor, ba is the body force, and m,
is the growth of the linear momentum, that is the force on the ath
constituent due to other constituents of the mixture. The growths {m_}
are subject to the constraint

2 Ma =0. (5)
Modelling of Diffusion Fluxes and Diffusion Equations

The physical modelling of diffusion is most often restricted to
non-reacting mixtures, 7, = 0, and is based on the view that diffusion
is governed by (4) with appropriate models for h .

The simplest and best known model of diffusion traces back to
Fick [3] and is based on an assumption on h_ that is motivated by
the analogy with the Fourier model of heat conduction. First the total
derivative w, is replaced with the partial derivative 0w ; this means
that diffusion is examined in the barycentric frame. Moreover, Fick’s
law assumes the diffusion flux hzx is antiparallel to w,ie. ha =K W,
where x> 0 may depend on the constituent. Hence divide eq. (4) by
p to obtain

; E i
Oy = _}\— : L'“fmvwh) T Lo
¥

where { = 7 /p. If k_is constant then the evolution equation for
w_ takes the form

0w =D Aw +, (6)
the quantity D_= « /p is called diffusivity.

Diftusion in solids is often modelled by letting ([4], ch. 17)
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h =-DVN,

«

where N_ is the concentration in the form

.Y

2N’

N, being the number of atoms per unit volume.

Other diffusion equations are based on the following two main
assumptions. Let v

be the ath Helmholtz free energy and define
flo=3,a9,~ V-3, ¥,
The assumption is
h =-xVu,
For definiteness we consider y_in the form [5]
Vo, Vo) =/ )+ 1A Ve )
IfA_is constant then it follows
fa =T, :,'g — AaDwy
and eq. (4) takes the form
o= V- (ra Vi) ~ 22 A% 4 G (®)
P P

Equation (8) is usually referred to as the Cahn-Hilliard equation
[6,7]. Itisa fourth-order partial differential equation. If the dependence
on Ve _is ignored then the Cahn-Hilliard equation reduces to the
second-order parabolic equation (6).

Alternatively it is assumed that the evolution of w_is in fact a
relaxation toward equilibrium governed by [8]

Baa = _ﬂa--. Ba > 0.

Hence, letting y_be given again by the Landau-Ginzburg function
(7) we obtain

Bawa = —fo + Aalwa. 9)

Equation (9) is a second-order partial differential equation when
y_depends on v w ; itis referred to as the Ginzburg-Landau equation
or the Allen-Cahn equation. While eq.

(6) is based on Ficks law h, = —x Vw , egs (8) and (9) are based
on the assumptions

he = —Via,  Batda = —fla (10)

The function fi~ is often regarded as the chemical potential. As
we see in a moment flo differs from the standard (correct) expression
of the chemical potential. Moreover even simple thermodynamic
considerations would justify the use of the chemical potential.

Thermodynamic Test of (10)

The balances of energy and entropy are stated by considering the
mixture as a whole body. The balance of energy is taken in the form

pe =T -D-V.q+pr (11)

where ¢ is the internal energy density, per unit mass, D is the
stretching tensor, q is the heat flux vector, and r is the external heat
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supply. Let 6 > 0 be the absolute temperature. The second law of
thermodynamics is stated as follows: the entropy density # and the
entropy flux j satisfy the inequality

. . r
pn+V-J—%EO

For every admissible process that is every set of constitutive
functions compatible with the balance equtaions.

For formal conveneince let

._ 4
=—+k,
J 9+ ;

k being the extra-entropy flux to be determined. Substituting pr-
V.q from eq. (11)

—pé+p9ﬁ+T-D—éq-V6‘+9\_’-k20.

Let = &-6n be the Helmholtz free energy of the mixture. The
second law inequality can be written as

b B 1
7p(?£'+-r;9)+T-Df§q'\79+9\7-k20, (12)

To determine thermodynamic consequences of the second law we
now consider

E = (0,p, {wa}, VO, Vp, {Vwa}, D, 8, p, {@a})

as the set of independent variables. Moreover we specialize T in
the form

T=-p(6, p Vp)1 + T (8),

with T = O(D) as D->0. Compute 1//‘ and substitute in the Clausius-
Duhem inequality (12). The arbitrariness and linearity of w”, p", D ,
0 reduces the possible dependencies of

to
v=w(, p {w}, V6, Vp, {Va })

and the Clausius-Duhem inequality to

—p(Ogh + -U)é — pOsgtr - V8 — pdhp — PO - VP = P 0t o + Ogth Vi)

*FV‘V‘I‘T'D*EQ‘VG‘FQV'}{EO.
4 (13)

We use the identity
Vp=Vp -L"Vp

and the analogue for V6 and Vw . Now, divide (13) by 6 and
consider the identities

—L00ub - Vo = —Edoub - V+ £(Vp @ Benth) - L

==V (Covp) + 5V - (505,0) + £(Vp & o) - L- Vo
and the like for 0,

~L0ort - V8=~V - (Loveud) + 6V - (Eoeev) + (V0 2 dgp0) - L.

Moreover we have
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R Tl T MG S
7@[()\0(‘L'Wﬂfd?wnl'r o] 6.#(\ . —V (gd\k(ll C\)Te(v o & O wa?) L,

Where

o = 0y, W, Ot 1= B 1h — gv . (%f}v%ﬁ').

Likewise let

e D o sy g B B
doth = Ogt — EV . (Edww), O =0 — ;V : (Edww).

Hence upon some rearrangements we can write inequality (13)
in the form

—E 8o+ )8 — EF optatia + £(V0 @ Ocat + Vp @ Doy + LoV © ) - L

S 1 0, s . 7] o
—’EDPL‘p = gv V45T D7 V4V (k- gme = gdr,,tp— ’Ezue)mua; > 0.
Since L = D+W, with W € skw the spin tensor, then the arbitrariness
of W implies that
Ty = p(V8 ® Oget + Vp @ Og,0 + 3 Vw, @ Ov,, ¥) € Sym.

Hence we have
T =7 +Ty €Sym.

Now, D = Dg + 4(V - v)1, D, being the deviator of D. This in
turn implies that T, embodies an isotropic part to contribute to the
pressure. For simplicity we let p be free of tr T,. Consequently, since
p =—pV - vit follows that the inequality takes the form

T g
S0 —p)V v+ 20

the dots denoting the other terms of the inequality. Hence we let
p=poy.
Consequently we are left with the inequality

- - . 1 ), ; . ; .
S0+ LT optatia +T D 54 VO+V [k (Broh— Oyt Cadru, )] 2 0.

(14)
Thermodynamic Restriction on W,
Sufficient conditions for inequality (14) are
n= —991//)
4 s % fa ). & § .
k = £(Bod + Bopp + ToBvun Vi),
s 1

—pzn:#uwg—o—T-D—gq-VHzO
or, furthermore,

Salatia <0, T-D>0, g-V8<O. (15)

The first inequality in (15) holds if
Bala = —la, (o = 0.
It is suggestive that this thermodynamic condition has the form of

(10),. Yet we have to check whether 11, = /i,,. Now, from the theory
of mixtures we have

U= Z Wolla,
23
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to within kinetic terms. If we let each y_depend on the
corresponding mass density
ll/oc = wa(e’ Paf’ Vwa)

we have
S,aV=V,+wday,p-wV- 0, ay,
If, as is the case of fluids,

Pa = PaBhatha

then we find

o i Pa - i
b = Yo+ — — waV - vu, Yo

(27
Hence we conclude that, to within V - Ovw.%a. the standard

chemical potential is

Ha = Uw‘(\ Y I) d.,'r} Vo = !'-’50-
Thermodynamic Restriction on h

Back to inequality (14) we let again # = —6,y. Next we observe that
Wea is given by (1). Substitution of PWa from (1) results in
—%ann(—v et )+ T D - g VO+T- k —%(awé — Oyptp— SO tia)] > 0.

9)
(16)
In view of the identity

égﬂm ‘ha=V- (Zﬂ‘%‘*ha) — ¥ hy- v%“

inequality (16) can be given the form

1 1 - -
—Z"hﬂ-V%—aznu,.rﬁT-D—mq»TH;AT-[k—g(z)ma—o\-,,ypff_‘“a)r, ‘z'.;'nHZ,!%"h”J > 0.

Hence we let

(D0 = Boppp = 3o Bvunbiva) — 12

Mo

k= b

h,
and

. 1 ) 1
ik, v% — 5ot + T-D— 54-VO2 0.

This inequality holds if each term has the required sign; in

particular
Ha _ -
Eahn g~ 0, Z-(_.Piam < 0. (17)
Inequality (17), holds if
K s
h, = —va.(6, p(_.)v?“. vy =0 (18)

Hence, owing to the neglect of kinetic terms in y, by the second
law inequality it follows that the diffusion flux h is determined by the
gradient of u /0, and not merely of y . This is a direct thermodynamic
requirement without any need of a-priori rescaling [9].

Inequality (17), governs the evolution of a possible reaction. For a
binary mixture the inequality reduces to

7, (u, — 1) < 0

the reaction proceeds toward the constituent with higher values of
the chemical potential.

Diffusion of Electrically Charged Constituents

Equation (4) is a basic reference in the modelling of diffusion.
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Indeed, for non-reacting mixtures the basic equation is written in the
form

dw,=-V-h, (19)

the occurrence of p, though non-constant, being ignored; in
the literature the notation is frequently ¢, and J, for w_and h . For
definiteness, look at the motion of a charged constituent in a fluid
medium.

The diffusion flux is viewed as the sum of three terms [10]: a
diffusion term D, \Y w asin FicK’s law, an advective term wy viewed
as the transport of the constituent via the motion of the fluid, the
diffusivity times the electric force (electromigration). The advective
term may be ignored by selecting a frame at rest with the fluid.

An extensive approach in the literature is based on eq. (18) and on

h =-DVaw_
in the simplest model. Borrowing from the properties of the ideal
gas we take the chemical potential ¢ in the form
i RP
pa = 12(0) + ——Inw,
: M,
to within inessential additive terms independent of w . Hence we
observe that, at constant temperature,

D Myw, RO _ DaMawa_ 1O

DoVl = =g gy, e g Vg Uik
D, Moy ; RO D Mywe
= TVU!DIH) + Ehlwn) — TV#n-

Now the chemical potential is an energy per unit mass. Assume
the ath constituent consists of ions with electric charge ze, where e is
(the absolute value of) the electron charge. The force per unit mass is

Zat ZnC

E =

Mg g

Vo,
¢ being the potential and m_the ion mass. Moreover

Zal A o

Ma M,

where F is the Faraday constant, i.e. the charge of a mole, and M_
is the molar mass. Hence we write the whole chemical potential, or

electrostatic-chemical potential, in the form
gy = po(0) + e Inw, + io
M, M,
In this approach the diffusion equation reads

' DyzF i
Wo = v ' [D(_tv.;,?a % W"’.GYU] (20)

This is a form of the Nernst-Planck equation [11].

Kirkendall Effect

The Kirkendall effect involves a property of diffusion associated
with different diffusivities of the constituents. The property was found
experimentally by Smiglskas and Kirkendall. In essence, molibdenum
markers are located at the boundary between the inner CuZn block
and the outer copper covering. Upon heating, the markers are
observed to move inward. To explain the experiment, we observe that
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within the block Cu and Zn atoms have the same density N; since
the atomic weights are almost the same (Cu 63.5, Zn 65.4) the equal
density N means equal concentration w. The Zn atoms have a higher
diffusivity coefficient and hence the outward flux of Zn is not exactly
compensated by the inward flux of Cu atoms. Thus the mass of matter
in the block decreases and this results in the movement of the copper-
brass interface(markers) toward the inner block.

We now ask for the velocity of the markers. We have
pZnuZn = th = _Dvaw’ pCuuCu = hCu = _DCuvw;

really we should account also for a inward flux of vacancies (from
the material with the higher diffusion coefficient). In one dimension
we obtain the velocity v of the markers as follows,

D Zn D Cu
PZn PCu

) (r):] w.

V=UZn — UCu = —

Dynamic Diffusion Equation

Models of diffusion are usually based on the balance equation
(4) for the mass fraction w_and a constitutive equation for the mass
flux h . Hence the resulting differential equation for w_ is strongly
affected by the constitutive assumption. It seems of interest to look
at the evolution problem via the balance equations for the unknown
densities p .

Restrict attention to mixtures of inviscid fluids and hence T =p 1.
Consider the balance of mass and linear momentum in the local form,

0p,=-V-(pv)+7, (21)
dpv)+V-(pv ®v)=-Vp +pb +m, (22)

Partial time differentiation of the first equation, divergence of the
second one, and substitution of V - 9 (p v ) yield

p,=V-[V-(pv ®Vv)-V-(V-T)-V-(pb)
-V.m +d7,.

If the constituent is regarded as an inviscid fluid, T, =-pl, it
follows

dp, =V [V-(pv,®V)+Ap -V -(pb)-V-m +07.
Weletp =p (p, 0)and hence

Vp, = papana +0,qp VO,

In the linear approximation we neglect V- [V - (o v ® v )] and let
Ap, = ptxPaAPa + 0gqp AO,

to obtain

Fpy = Opalaldpa + 08, 0alN0a — V - (paba) — V - mg + 0,74.

If, further, the temperature is assumed to be uniform, V@u =0,
then

02p0 = Op.Pa Apa —V - (paba) — V - mqy + G470 (23)

Equation (23) is the ath equation of a system where y m_and 0,7,
account for possible coupling terms. Since p_ = pw , if p is assumed to
be constant then we have
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Pwe = 85 pa Awa — V - (Waba) + (1/p)[8i7a — V - my].

If the ath constituent is electrically charged then
E,

e
Za€

ba =
Ma

where e is (the absolute value of) the electronic charge, z e is the
ionic charge, and m,

is the ionic mass. In terms of molar quantities we have
€ F

m, M,
where M is the molar mass and F is the Faraday constant, i.e. the
charge of a mole. Hence, if E is uniform then we can write the equation
for w_in the form
Zo '
M,

O, = QDo Aty — E-Vw,+ (1/p)[0i1a — V - m,).

Quantum Diffusion Models

If a quantum particle moves in space under a force with potential
U then the wavefunction

¥ evolves in time according to the Schr”odinger equation
) h? o
ihdah = (~5—A+ U)o (24)

where m is the mass of the particle. Since y is complex valued then
we can write

¥ = \/p exp(iS/h),

where p and S are functions of the position x and time t. The
relation

yy =p

ascribes to p(x, t) the probability density, per unit volume, of
finding the particle at the point x at time t. Computing d,y, Ay and
substituting in (24) we obtain

U i v K2
ZV2AS(—
i iy 2771)

+U /5 = ih[Lp Y 20p + fia“e;]
v

[7{0_3"2(V,J)2 + %/)_1"2Ap — hjpl"z[VS)z + %p“l"zV}/)- VS +

Equating the imaginary parts and observing that Vp - VS + pAS =
V - (pVS) we have

Op=—V - (). (25)

m

This equation has an immediate physical interpretation. If we let p
be the analogue of the classical mass density then if we let
_VS§

m

v

we can write (25) in the form
dp=-V-(pv),

which is formally the continuity equation in continuum
mechanics. This result indicates a close analogy between quantum and
classical schemes which are extended to diffusion.
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We now look for the possible meaning of the relation coming from
equating the real parts. Upon some rearrangements we find

vs)?
as=0 v oq (26)
&, .
Q= ——5Ap"?
mpt/?

The quantity Q has the role of a potential, like U, and is often referred
to as Bohm quantum potential [12]. Furthermore apply the gradient to
(26) and assume S has continuous second-order derivatives to have
(VS)?

2m

OVS +V =-VQ-VU.

Since

V(VS)?2 =V(VS-VS8) =(VS -V)VS
then we can replace VS with mv to obtain
mloy+ (v-V)v]=-VQ-VU. 27)

Equation (27) is formally the equation of motion with the
Lagrangian (total) time derivative in the left-hand side, as it has to be.
Consequently Q may also be viewed as a pressure term.

Diffusion is modelled by having in mind the parabolic character
of the classical diffusion equation. Let P be the probability density of
Brownian particles with mass m. Form the equation of motion we
ascribe to P the equation

mdP + b P = Ap,

p being the opposite of the pressure. Then we let p = kBOP , where
kB is the Boltzmann constant. In the high friction limit [13] it follows
the parabolic equation

dP=DAR D= «xBO/b.

When quantum diffusion is described within a continuum
mechanics approach the governing equation is taken in a Fick-like
form. As an example [14], in the quantum diffusion of H atoms in solid
molecular hydrogen films, the H atom concentration, #, is described
by a differential equation in the form

on=-Don + fln).
Conclusions

Well-known diffusion equations are considered for the
concentration (mass fraction) w_ = p /p. In addition to the classical
parabolic equation (6) we have reviewed the Cahn-Hilliard equation
(8) and the Ginzburg-Landau equation (9). The rather general
approach to the modelling of diffusion processes is based on the view
that the diffusion flux, here ha, has to be determined by a constitutive
equation and that a safe rule is to let h_ be proportional to the gradient
of the chemical potential ¢ . As a remarkable example we have shown
how the approach via chemical potentials, for charged constituents,
leads to the Nernst-Planck equation. Diffusion in the quantum
domain is still based on the classical FicK’s law.

While h_ in terms of w_ is inherited from the historical Ficks
model, the recourse to the chemical potential is found to be
thermodynamically consistent in two cases, just those leading to
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the Cahn-Hilliard and Ginzburg-Landau equations. In the present
thermodynamic analysis the ath chemical potential is derived from
the Helmholtz free energy

Y= Waalpa),
instead of from y (w ).

The developments of this paper show that the constitutive
equations for the mass flux h_are in fact approximations; the involved
equation for h_ [1] justifies the recourse to approximations. However,
the investigation of approximated diffusion equations indicates
that a privileged role should be ascribed to the dynamic differential
equations, based on the (exact) balance equations (21), (22). The
difference in having recourse to the dynamic equations is exemplified
with the analogue of Nernst-Planck equation.
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